THE COMBINATORICS OF BOGOLIUBOV'S RECURSION IN 

RENORMALIZATION 



KURUSCH EBRAHIMI-FARD AND DOMINIQUE MANCHON 



Abstract. We describe various combinatorial aspects of the Birkhoff-Connes-Kreimer factorization in 
perturbative renormalisation. The analog of Bogoliubov's preparation map on the Lie algebra of Feynman 
graphs is identified with the pre-Lie Magnus expansion. Our results apply to any connected filtered Hopf 
algebra, based on the pro-nilpotency of the Lie algebra of infinitesimal characters. 
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1. Introduction 

The recursive nature of the process of renormalization in perturbative quantum field theory (with respect 
to the loop number of Feynman diagrams considered) has been settled long ago by N. N. Bogoliubov and 
O. S. Parasiuk [3, 26, 49 . However, its mathematical structure has become much more transparent since 
the seminal discovery of a Hopf algebra structure on Feynman diagrams by D. Kreimer [28 and subsequent 
work by A. Connes and Kreimer [Sill]. 

We present here a concise survey of several recent works on algebro-combinatorial aspects of the pro- 
cess of perturbative renormalization, in particular Bogoliubov's recursion respectively Connes-Kreimer's 
Birkhoff decomposition. The natural mathematical setting for such studies is provided by connected fil- 
tered Hopf algebras. Indeed, this leads, with the connectedness property being the very key to a recursive 
approach, to abstract versions of the counterterm character in general Rota-Baxter and dendriform alge- 
bras. Our approach allows us to understand the recursive nature of renormalization on the level of the 
pro-nilpotent Lie algebra of Feynman graphs. It turns out that the Baker-Campbell-Hausdorff recursion 
respectively the pre-Lie Magnus expansion provide the Lie algebraic analog of Bogoliubov's preparation 
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map for Feynman graphs. We finish this survey by giving a short account of a natural matrix setting for 
perturbative renormalization which is well-suited for low-order explicit computations. Moreover, it allows 
for the transparent realization of the aforementioned abstract findings. 

Let us briefly outline the organization of this survey. In the next section we review the essential notions 
from Hopf algebra theory. This section finishes with an abstract review on Connes-Kreimer's Birkhoff 
decomposition of Feynman rules in terms of Bogoliubov's preparation map. Subsection 12.61 contains an 
approach to Connes-Kreimer's Birkhoff decomposition based on a recursion defined in terms of the Baker- 
Campbell-Hausdorff formula. In section [3] we analyze Bogoliubov's recursion from the point of view of 
Rota-Baxter algebras. These algebras provide the natural tools to understand Connes-Kreimer's finding 
of a factorization solved by Bogoliubov's formula. As it turns out, Loday's dendriform algebras serve 
as an abstract algebraic frame for one of the main aspects, i.e. iteration of Rota-Baxter maps and a 
particular interplay between an associative and a pre-Lie product induced by the Rota-Baxter structure. 
This section ends with a continuation of the last subsection of section [3] dwelling on aspects related to 
renormalization theory. Finally, we briefly mention a non-Hopfian approach to Connes-Kreimer's finding 
in terms of triangular matrices providing a simple and straightforward setting for renormalization. 

2. A SUMMARY OF BlRKHOFF-CONNES-KREIMER FACTORIZATION 

We introduce the crucial property of connectedness for bialgebras. The main interest resides in the 
possibility to implement recursive procedures in connected bialgebras, the induction taking place with 
respect to a filtration (e.g. the coradical filtration) or a grading. An important example of these techniques 
is the recursive construction of the antipode, which then "comes for free" , showing that any connected 
bialgebra is in fact a connected Hopf algebra. The recursive nature of Bogoliubov's formula in the BPHZ 
[31 126] 149] approach to perturbative renormalization ultimately comes from the connectedness of the 
underlying Hopf algebra respectively the corresponding pro-nilpotency of the Lie algebra of infinitesimal 
characters. 

For details on bialgebras and Hopf algebras we refer the reader to the standard references, e.g. [4"5] . 
The use of bialgebras and Hopf algebras in combinatorics can at least be traced back to the seminal work 
of Joni and Rota [2"T] . 

2.1. Connected graded bialgebras. Let k be a field with characteristic zero. A graded Hopf algebra 
on k is a graded fc-vector space: 

n>Q 

endowed with a product m : H ® H — * H, a coproduct A : H — ► H ® H, a unit u : k — > H, a co-unit 
£ : H — » k and an antipode S : H — > H fulfilling the usual axioms of a Hopf algebra [46], and such that: 

m(H p ® TL q ) C H p+q , 

A(H n )c H p ®H q , 

p+q=n 

s{n n ) c n 

If we do not ask for the existence of an antipode S on H we get the definition of a graded bialgebra. In 
a graded bialgebra H we shall consider the increasing filtration: 

n 
p=0 

Suppose moreover that H is connected, i.e. Ho is one-dimensional. Then we have: 

Kere = 0W„. 

n>l 

Proposition 1. For any x G H, n ,n > 1 we can write: 

Ax = x <g) 1 + 1 ® x + Ax, Axe Hp <8> H q . 

p + q = n. 

The map A is coassociative onKere and A k := (7® fc_1 ® A)(/® fe_2 (g) A) •••A sends H n into (H n - k )® k+1 . 
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Proof. Thanks to connectedness we clearly can write: 

Ax = a(x <g> 1) + b(l ®i)+Ai 

with a,b E k and Ax E Kere ® Kere. The co-unit property then tells us that, with k ®TL and H ® k 
canonically identified with H: 

x = (e <gi T)(Ax) = bx, x = (I <g) e)(Aa;) = ai, 

hence a = 6 = 1. We shall use the following two variants of Sweedler's notation: 

Ax = ^ x\ ®x<i, Ax = x' ® x", 

(x) (x) 

the second being relevant only for x E Kcre. If x is homogeneous of degree n we can suppose that 
the components x\,X2,x' , and x" in the expressions above are homogeneous as well, and we have then 
\ x i\ + \ x 2 1 = ^ and \x'\ + \x"\ = n. We easily compute: 

(A <gi i")A(a;) =a;0lig)l + l®a:®l + l®l®a: 
+ (A®/)A(a;) 

and 

(/ ® A)A(x) = 2;<g)l<S>l + l<S>:r<g)l + l<g>l<g)a; 

+ y^x' <g> x" <g> 1 + x' <g> 1 <gj x" + 1 <g> x' <g> x" 

(x) 

+ (7 ® A)A(x), 

hence the co- associativity of A comes from the one of A. Finally it is easily seen by induction on k that 
for any x E H n we can write: 

A fc (a:) = ^> (1) ®---®x( k+1 \ 

X 

with |a;^| > 1. The grading imposes: 

fe+i 

3 = 1 

so the maximum possible for any degree \x^ | is n — k. □ 

2.2. Connected filtered bialgebras. A filtered Hopf algebra on k is a k- vector space together with an 
increasing Z + -indexed filtration: 

H° C H 1 C • • • C H n C • • • , (J H n = U 

n 

endowed with a product m : H ® H — > H, a coproduct A : W — > W ® H, a unit ?i : fc — > W, a co-unit 
£ : 7Y — > fc and an antipode S : H ^ H fulfilling the usual axioms of a Hopf algebra, and such that: 

m(H p ®H q ) E\H p+q , A(H n )C ^ P ® ^ and S{H n ) C H n . 

p+q=n 

If we do not ask for the existence of an antipode S on Ti we get the definition of a filtered bialgebra. For 
any x E H we set: 

\x\ := min{n e N, x E H n }. 

Any graded bialgebra or Hopf algebra is obviously filtered by the canonical filtration associated to the 
grading: 

n 

n n :=0Wi, 

i=0 
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and in that case, if x is an homogeneous element, x is of degree n if and only if \x\ = n. We say that the 
filtered bialgebra TL is connected if TL° is one-dimensional. There is an analogue of Proposition [1] in the 
connected filtered case, the proof of which is very similar: 



Proposition 2. For any x G TL n , n > 1 we can write: 



Ax = x <g> 1 + 1 <g> x + Ax, Ax e 2^ TL P ®TL q 



p + q=n, 



The map A is coassociative on Kere and A k = (I®*- 1 ® A)(J® fc - 2 <g> A) ■ • ■ A sends mto 

The coradical filtration endows any pointed Hopf algebra TL with a structure of filtered Hopf algebra (S. 
Montgomery, [37] Lemma 1.1). If TL is moreover irreducible (i.e. if the image of k under the unit map u is 
the unique one-dimensional simple subcoalgebra of TL) this filtered Hopf algebra is moreover connected. 

2.3. The convolution product. An important result is that any connected filtered bialgebra is indeed 
a filtered Hopf algebra, in the sense that the antipode comes for free. We give a proof of this fact as well 
as a recursive formula for the antipode with the help of the convolution product: let TL be a (connected 
filtered) bialgebra, and let A be any A:-algebra (which will be called the target algebra). The convolution 
product on the space £(TL, A) of linear maps from TL to A is given by: 

ip * ip{x) — m^(ip <S> ip)A(x) 

= ^2<p(x 1 )ip(x 2 ). 

(*) 

Proposition 3. The map e = oe, given by e(l) = 1^ and e(x) = for any x 6 Kere, is a unit for the 
convolution product. Moreover the set G{A) := {<p G C(TL,A), <^(1) = 1-a} endowed with the convolution 
product is a group. 

Proof. The first statement is straightforward. To prove the second let us consider the formal series: 

<p*-Hx) = (e-(e-<p))-\x) 
= £(e -¥>)*-(£). 

m>0 

Using (e — </>)(l) = we have immediately (e — (p)* m (l) — 0, and for any x G Kere: 

(e - y)* n {x) = m,A,n-i( <P ® • • • g (p )A n -i(x)- 

n times 

When x G TL P this expression vanishes then for n > p + 1. The formal series ends up then with a finite 
number of terms for any x, which proves the result. □ 

Corollary 1. Any connected filtered bialgebra TL is a filtered Hopf algebra. The antipode is defined by: 

(1) S(i) = ^(no £ -7)*>). 

m>0 

It is given by S(l) — 1 and recursively by any of the two formulas for x G Kere: 

S(x) = -x - S(x')x" and S(x) = -x - x'S(x"). 

(*) (x) 

Proof. The antipode, when it exists, is the inverse of the identity for the convolution product on C(TL, TL). 
One just needs then to apply Proposition [3] with A = TL. The two recursive formulas follow directly from 
the two equalities: 

m(S®I)A(x)= = m(I <g> S)A(x) 
fulfilled by any x G Kere. □ 
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Let q(A) be the subspace of C(TL,A) formed by the elements a such that a(l) = 0. It is clearly a 
subalgebra of C{TL,A) for the convolution product. We have: 

(2) G(A)=e + g(A). 

From now on we shall suppose that the ground field k is of characteristic zero. For any x <E TL n the 
exponential: 

exp»(x) = ]T^^ 

fe>0 

is a finite sum (ending up at k — n). It is a bijection from q(A) onto G(A). Its inverse is given by: 

k>l 

This sum again ends up at k = n for any x e TL n . Let us introduce a decreasing filtration on C = C(TL, A): 

C n :={aeC, a| w „_ 1= 0}. 

Clearly C° = £ and C 1 = g(A). Wc define the valuation valip of an element <p of £ as the biggest integer 
k such that (p is in C k . We shall consider in the sequel the ultrametric distance on C induced by the 
filtration: 

(3) d(<p,ip) = 2- val (^). 
For any a,/?g s(A) let [a, [3] = a * /? — /3 * a. 
Proposition 4. FFe Ziawe the inclusion: 

C p *C q C £ p+<? , 

and moreover the metric space C endowed with the distance defined by (pj) is complete. 
Proof. Take any x € 7i p+l?_1 , and any a £ £ p and (3 & C q . We have 

(a*/3)(a;)=^;a(a ;i ) ( 5(x 2 ). 

(x) 

Recall that we denote by |x| the minimal n such that x G TL n . Since \x\ \ + |x2| — x < p + g — 1, cither 
xi| < p — 1 or \x2\ < q — 1, so the expression vanishes. Now if ("0 n ) is a Cauchy sequence in £ it is 
immediate to see that this sequence is locally stationary, i.e. for any x £ Tt there exists N(x) € N such 
that if> n (x) — 4>n(x)( x ) f° r an y n > N(x). Then the limit of exists and is clearly defined by: 

-0(a;) = ^ N{x) {x). 

□ 

As a corollary the Lie algebra C 1 = g(A) is pro-nilpotent, in a sense that it is the projective limit of 
the Lie algebras g(A)/C n , which are nilpotent. 

2.4. Characters and infinitesimal characters. Let 7i be a connected filtered Hopf algebra over k, and 
let A be a commutative fc-algebra. We shall consider unital algebra morphisms from TL to the target algebra 
A, which we shall call slightly abusively characters. We recover of course the usual notion of character 
when the algebra A is the ground field k. The notion of character involves only the algebra structure of 
TL. On the other hand the convolution product on C(7i,A) involves only the coalgebra structure on TL. 
Let us consider now the full Hopf algebra structure on TL and see what happens to characters with the 
convolution product: 

Proposition 5. Let TL be a connected filtered Hopf algebra over k, and let A be a commutative k-algebra. 
Then the characters from TL to A form a group G\{A) under the convolution product, and for any <p € 
G\(A) the inverse is given by: 

* — 1 o 

ip = ip o £>. 

We call inGnitesimal characters with values in the algebra A those elements a of C(TL,A) such that: 

a(xy) = e(x)a(y) + a(x)e(y). 
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Proposition 6. Let G\{A) (resp. Q\(A)) be the set of characters ofTL with values in A (resp. the set of 
infinitesimal characters of "H with values in A). Then G\{A) is a subgroup of G, the exponential restricts 
to a bijection from fli(^4) onto G\(A), and Q\(A) is a Lie subalgebra of q{A). 

Proof. Part of these results are a reformulation of Proposition [5] and some points are straightforward. The 
only non-trivial point concerns Q\{A) and G\(A). Take two infinitesimal characters a and [3 with values 
in A and compute: 

(a*/3)(xy)= ^2 a ( x iVi)P( x 2y2) 

= ^2 ( a ( x i) e {yi) + e ( x i) a (yi))-(P( x 2)e(y2)+e(x 2 )a(y 2 )) 

(*)(») 

= (a * (3)(x)e(y) + a{x)f3(y) + (3{x)a{y) + e(x)(a * f3)(y). 
Using the commutativity of A we immediately get: 

[a,(3]{xy) = [a,j3](x)e(y) + e(x){a,f3](y), 
which shows that 2i(A) is a Lie algebra. Now for a G 2i(A) we have: 

a* n (xy) = Y / ( 7 f\a* k (x)a^ n - k \y) 7 

k=0 ^ ' 

as easily seen by induction on n. A straightforward computation then yields: 

exp* (a)(xy) = exp*(a)(cc) exp*(a)(y). 

□ 

2.5. Renormalisation in connected filtered Hopf algebras. We describe in this section the renor- 
malisation a la Connes-Kreimer ([28], [7], [5]) in the abstract context of connected filtered Hopf algebras: 
the objects to be renormalised are characters with values in a commutative unital target algebra A en- 
dowed with a renormalisation scheme, i.e. a splitting A = A- © *4+ into two subalgebras with 1 € A+. 
An important example is given by the minimal subtraction (MS) scheme on the algebra A of meromorphic 
functions of one variable z, where A+ is the algebra of meromorphic functions which are holomorphic at 
z = 0, and where A- = z~ 1 C[z~ 1 ] stands for the "polar parts". Any „4-valued character ip admits a 
unique Birkhoff decomposition 

If = tp*- 1 * (f + , 

where ip+ is an „4 + -valued character, and where </?_(Kere) C A-. In the MS scheme case described just 
above, the renormalised character is the scalar-valued character given by the evaluation of </?+ at z = 
(whereas the evaluation of p> at z = does not necessarily make sense) . 

Theorem 1. Factorization of the group G{A) 

(1) Let TL be a connected filtered Hopf algebra. Let A be a commutative unital algebra with a renor- 
malisation scheme, and let 7r : A — > A be the projection onto A- parallel to A+. Let G(A) be 
the group of those p £ C(H,A) such that p>(l) = 1a endowed with the convolution product. Any 
p G G{A) admits a unique Birkhoff decomposition 

(4) p = p*^ 1 * p>+, 

where p>_ sends 1 to 1.4 and Kere into A-, and where p + sends TL into A+. The maps p~ and 
p>+ are given on Ker e by the following recursive formulas 

tp_(x) = -n(ip{x) +^2 l ip-(x')ip(x")} 

O) 

p + (x) = (i —w) (p(x) o*w)) • 

where L is the identity map. 

(2) If p is a character, the components <p^ and p + occurring in the Birkhoff decomposition of p are 
characters as well. 
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Proof. The proof goes along the same lines as the proof of Theorem 4 of [5] : for the first assertion it is 
immediate from the definition of 77 that sends Ker e into A~ , and that ip + sends Ker e into A+ ■ It 
only remains to check equality ip+ = ip_ * <p } which is an easy computation 

ip + {x) = (i - tt) fa) + J>_ WM*"j) ■ 

(x) 

= <p(x) + <P-(x) +**T i <p-(x')ip(x") 

(x) 

= (<P- * <f){x)- 

The proof of assertion 2) can be carried out exactly as in [H] and relies on the following Rota-Baxter 
relation in A: 

(5) 77(0)77(6) = 77(77(0)6 + 077(6)) — 77(06), 

which is easily verified by decomposing a and 6 into their .Aj- -parts. We will derive below a more conceptual 
proof. □ 

Remark 1. Define the Bogoliubov preparation map as the map B : G(A) — ► C(Tt,A) given by: 

(6) B(cp) = <p- * (<p-e), 
such that for any x € Ker e we have: 

B(<p)(x) = <p(x) +^Lp-{x')tp(x"). 

(x) 

The components of if in the Birkhoff decomposition read: 

(7) if- = e — 77 o B(tp), (p+ = e + (/ — 77) o B(tp). 

On Kere they reduce to —n o B[tp), (I — 77) o B(tp), respectively. Plugging equation fj5J) inside and 
setting a := e — ip we get the following expression for (f - : 

(8) if- = e + P{ip- * a) 

= e + P{a) + P(P{a) * a) + h p(p{- . . P(a) * a) ■ ■ ■ * a) + ■ ■ ■ 

n times 

and for <p + we find: 

(9) ip+ = e — P((f- * a) 

(10) =e-P(cp + *(3) 

= e - P((3) + P(P(f3) *p) + (-l) n P(P(. ..P(0)*0)'~*0\+~- 

n times 

with (3 := Lp~ l * a — — e, and where P and P are projections on C(7i, A) defined by P(a) = (I — 77) o a 
and P(a) = 77 o a, respectively. 

2.6. The Baker Campbell Hausdorff recursion. Let C be any complete filtered Lie algebra. Thus 
L has a decreasing filtration (C n ) of Lie subalgebras such that [C m , C n ] C C m + n and C = lim£/£„ (i.e., 

£ is complete with respect to the topology induced by the filtration). Let A be the completion of the 
enveloping algebra U(C) for the decreasing filtration naturally coming from that of C. The functions: 



exp : Ax — > 1 + A\, exp(a) = — , 

z — ' n\ 

00 

logil + Ax^Ax, Iog(l + a) = -£ 



n 
n=i 



s 



KURUSCH EBRAHIMI-FARD AND DOMINIQUE MANCHON 



are well-defined and are the inverse of each other. The Baker-Campbell-Hausdorff (BCH) formula writes 
for any x, y G £1 [4"Tll4"g] : 

exp(a;) exp(y) = exp(C(x, y)) = exp(x + y + BCH(x, y)) , 

where BCH(a;. y) is an element of £2 given by a Lie series the first few terms of which are: 

BCH(x, y) = ^ [x, y] + — [x, [x, y\] + [y, [y, x]]-^[x, [y, [x, y]]] + --- 

Now let P : £ — > £ be any linear map preserving the filtration of £. We define P to be l&c —P- For 
a G £1, define %(a) = linin^oo X(n)(a) where X(n){o) is given by the PCP-recursion: 

X (0 )(a) := a, 

(11) X(n+i){a) =a- BCH(P( X( „)(a)), (H £ -P)(X(«)(a))), 

and where the limit is taken with respect to the topology given by the filtration. Then the map x '■ £\ ~ * £\ 
satisfies: 

(12) x (o) = a- BGH(P(x(o)), P(x(o))). 

This map appeared in [13] , [12] , where more details can be found, see also [35] [36] . The following propo- 
sition (|16|. [35j ) gives further properties of the map x- 

Proposition 7. For any linear map P : £ —> £ preserving the filtration of £ there exists a (usually 
non-linear) unique map x '■ £1 — > £1 such that (x — Idc){£i) C £22 /or any i > 1, and such that, with 
P := Idc — P we have: 

(13) Vae£i, a = c(p(x(a)),P(x(a))). 
This map is bijective, and its inverse is given by: 

(14) x^V) = C(P(a), P(a)) = a + BCH(P(a), P(a)). 
Proof. Equation (Ti"3"|) can be rewritten as: 

x(a) = F a (x(a)), 

with P a : £1 — > £! defined by: 

F (fe) = o-BGH(P(6),P(6)). 
This map P a is a contraction with respect to the metric associated with the filtration: indeed if b, e G £\ 
with e G £ n , we have: 

P Q (6 + e) -F a (b) =BCH(P(6), P(6)) - BCH(P(6 + e), P(6 + e)). 

The right-hand side is a sum of iterated commutators in each of which e does appear at least once. So it 
belongs to £„+i. So the sequence P"(6) converges in £1 to a unique fixed point x(a) for F a . 

Let us remark that for any a G £j, then, by a straightforward induction argument, X(n)( a ) G A f° r 
any ra, so x( a ) G A by taking the limit. Then the difference x( a ) — a = BCH(P(x(a)), P(x(a))) clearly 
belongs to £2^. Now consider the map ip : £\ — ► £\ defined by ip(a) = C(P(a), P(a)). It is clear from the 
definition of x that i/ioj; = Id £l . Then x is injective and ip is surjective. The injectivity of ip will be an 
immediate consequence of the following lemma. 

Lemma 1. The map ip increases the ultrametric distance given by the filtration. 

Proof. For any x, y G £\ the distance d(x, y) is given by 2~ n where n — supjfc £&}■ We have 

then to prove that ip(x) — ^{v) £ £«+i- But: 

iP(x) - V(y) =x-y + BCH(P(z), P(x)) - BCH(P(y), P(y)) 

= x-y+ (BCR(P(x), P(x)) - BCH(P(a;) - P(x - y), P(x) - P(x ~ y))\ 

The rightmost term inside the large brackets clearly belongs to £ n +i- As x — y £ £ n +i by hypothesis, 
this proves the claim. □ 

The map ip is then a bijection, so x is also bijective, which proves Proposition [7J □ 
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Corollary 2. For any a £ C\ we have the following equality taking place in 1 + A% C A: 

(15) exp(a) = exp(P( X (a))) exp(P( X (a))) . 

Putting ([5]) and (|15[) together we get for any a £ C\ the following non-commutative Spitzer identity: 

(16) e + P(a) + • • • + p(p(. ■ ■ P( a) * a) • • • * a) + • • • = exp 

V v ' 

n times 

This identity is valid for any filtration-preserving Rota-Baxter operator P in a complete filtered Lie algebra 
(see section [3]). For a detailed treatment of these aspects, see [13], [H], [IB], [2"2] . 

Remark 2. Using h!5\) the reader should have no problem in verifying that the Baker-Campbell-Hausdorff 
recursion lllty) can also be written more compactly: 

(17) x(a) = a + BCH(-P( X (a)), a). 

2.7. Application to perturbative renormalisation I. Suppose now that C = C(H, A) (with the setup 
and notations of paragraph ^. 5|) . and that the operator P is now the projection defined by P(a) — ir o a. 
It is clear that Corollary [5] applies in this setting and that the first factor on the right-hand side of (fT5|) 
is an element of G\{A), the group of A- valued characters of H, which sends Kere into A-, and that the 
second factor is an element of G\ which sends TL into A+. Going back to Theorem [1] and using uniqueness 
of the decomposition ([J| we see then that (fTS"]) in fact is the Birkhoff-Connes-Kreimer decomposition of 
the element exp* (a) in G\. Indeed, starting with the infinitesimal character a in the Lie algebra 0i(-4) 
equation (TTS")) gives the Birkhoff-Connes-Kreimer decomposition of <p = exp* (a) in the group Gi(A) of 
.A-valued characters of TC, i.e.: 

tp- = exp* (— P(x( a ))) an d <P+ — exp* (P(x( a ))) such that ip = ipZ 1 * <p+, 

thus proving the second assertion in Theorem [1] 

Therefore, we may say that the Baker-Campbell-Hausdorff recursion (fT7| encodes the process of renor- 
malization on the level of the Lie algebra Qi(A) of infinitesimal characters. Indeed, for a G Qi(A), 
determined by the Feynman rules character <p = exp* (a), we calculate the element b(a) := x( a ) m Qi(A), 
i.e. the Lie algebra analog of Bogoliubov's preparation map ([6]), such that: 

(18) a = C(P(b(a)), P(b(a))) = C(P( X (a)), P( X (a)) 

gives rise to (IT51) . By construction, P(b(a)) and P(b(a)) take values in A T , respectively. Hence, the 
decomposition (fl"8"l) of a £ 0i(^4) is the Lie algebra analog of the Birkhoff-Connes-Kreimer decomposition 
of cp = exp* (a). 

Comparing Corollary [2] and Theorem [1] the reader may wonder upon the role played by the Rota- 
Baxter relation ([5|) for the projector P. In the following section we will show that it is this identity that 
allows to write the exponential <p_ = exp* (— P(x(a))J as a recursion, that is, <y9_ = e — P(B(<p)), where 
B(<p) = ip- * ((f — e). Equivalently, this amounts to the fact that the group Gi(A) factorizes into two 
subgroups Gi(A) and Gf(A), such that tp± £ Gf(A). 

3. Rota-Baxter and dendriform algebras 

We are interested in abstract versions of identities Q and (fl6|) fulfilled by the counterterm character 
The general algebraic context is given by Rota-Baxter (associative) algebras of weight 8, which are 
themselves dendriform algebras. We first briefly recall the definition of Rota-Baxter (RB) algebra and its 
most important properties. For more details we refer the reader to the classical papers [TJ [2] [5] [42] [43] , as 
well as for instance to the references [El [16] . 

Let A be an associative not necessarily unital nor commutative algebra with R £ End(A). The product 
of a and b in A is written a ■ b or simply ab when no confusion can arise. We call a tuple (A, R) a 
Rota-Baxter algebra of weight 9 £ k if R satisfies the Rota-Baxter relation 

(19) R{x)R{y) = R(R(x)y + xR(y) + 6xy) . 

Note that the operator P of paragraph 12.51 is an idempotent Rota-Baxter operator. Its weight is thus 
6 = — 1. Changing R to R' :— fiR, fi £ k, gives rise to a RB algebra of weight 9' := fi9, so that a 
change in the 9 parameter can always be achieved, at least as long as weight non-zero RB algebras are 



-p( X (log(e-a))) 
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considered. The definition generalizes to other types of algebras than associative algebras: for example 
one may want to consider RB Lie or pre-Lie algebra structures. Further below we will encounter examples 
of such structures. 

Let us recall some classical examples of RB algebras. First, consider the integration by parts rule for 
the Riemann integral map. Let A :— C(1R) be the ring of real continuous functions with pointwise product. 
The indefinite Riemann integral can be seen as a linear map on A: 



(20) I:A^A, I(f)(x) := / f(t)dt. 

Jo 

Then, integration by parts for the Riemann integral can be written compactly as: 

(21) I(f)(x)l(g)(x)=l(l(f)g)(x)+I(fl(g))(x), 

dually to the classical Leibniz rule for derivations. Hence, we found our first example of a weight zero 
Rota-Baxter map. Correspondingly, on a suitable class of functions, we define the following Riemann 
summation operators: 

[x/e] [x/e]+i 

(22) R 9 (f)(x):=Y,0f(n8) and R' e (f)(x) := £ 9f(n0), 

n—1 n—1 

We observe readily that: 

\x/e\ [x/e] [x/e] [x/e] [x/e] . 

E^M = E + E + E )0 2 f(n9)g(m9) 

n—1 ' \n— 1 ^ ^n>rn—l m>n—l m—n—l^ 

[x/6] , m v [x/e] . n . [x/6] 

= E ° 2 E f( k6 ) 9(rnS) + E 02 E dike) f(n9) - ]T 9*f(n9)g(n9) 

m=l U=l ' n=l ^fe=l ' n=l 

(23) = Rg(Rg(f)g)(x) + Rg(fRg(g))(x) + 9Rg(fg)(x). 

Similarly for the map R' e except that the diagonal, counted twice, must be subtracted instead of added. 
Hence, the Riemann summation maps Rg and R'g satisfy the weight 9 and the weight —9 Rota-Baxter 
relation, respectively. 

Proposition 8. Let [A, R) be a Rota-Baxter algebra. The map R — —9id,A — R is a Rota-Baxter map of 
weight 9 on A. The images of R and R, A^ C A, respectively are subalgebras in A. 

We omit the proof since it follows directly from the Rota-Baxter relation. A Rota-Baxter ideal of a 
Rota-Baxter algebra (A, R) is an ideal I C A such that R(I) C I. 

The Rota-Baxter relation extends naturally to the Lie algebra La corresponding to A: 

[R(x),R(y)] = R([R(x), y] + [x, R(y)}) + 9R([x, y]) 

making (La, R) into a Rota-Baxter Lie algebra of weight 9. 

Proposition 9. The vector space underlying A equipped with the product: 

(24) x*gy:= R(x)y + xR(y) + 9xy 

is again a Rota-Baxter algebra of weight 9 with Rota-Baxter map R. We denote it by (Ag,R) and call 
it double Rota-Baxter algebra. The Rota-Baxter map R becomes a (not necessarily unital even if A is 
unital) algebra homomorphism from the algebra Ag to A. 

Let us remark that for the corresponding Lie algebra La we find the new Lie bracket (compare with 
[H]): 

[x,y] e := [R(x),y] + [x,R(y)] +6[x,y]. 
One sees immediately that x *g y = —9^ (R(x)R(y) — R(x)R(y)), and 

(25) R(a * g b) = R(a)R(b) and R(a * g b) = -R(a)R(b). 
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The result in Proposition [5J is best understood in the dendriform setting which we introduce now. A 
dendriform algebra [3D] over a field k is a fc-vector space A endowed with two bilinear operations -< and 
>- subject to the three axioms below: 

(a -< b) -< c — a -< (b * c), (a y b) -< c = a y (b -< c), a >- (6 y c) = (a * b) y c, 

where a * b stands for a -< b + a y b. These axioms easily yield associativity for the law *. The bilinear 
operations > and < defined by: 

(26) a l> b := a y b — b ~< a, a <ib := a -< b — b y a 
are left pre-Lie and right pre-Lie, respectively, which means that we have: 

(27) (a > b) > c - a > (b > c) = (6 > a) > c - 6 > (a > c), 

(28) (a < 6) < c - a < (6 < c) = (a < c) < b - a < (c < 6). 

The associative operation * and the pre-Lie operations >, < all define the same Lie bracket: 

(29) [a, b] := a*b — b * a = a> b — bt> a = a <\b — b <\ a. 

Proposition 10. [llj Any Rota-Baxter algebra gives rise to two dendriform algebra structures given by: 

(30) a -< b := aR(b) + dab = -aR(b), a >- b := R{a)b, 

(31) a -<' b:= aR(b), a y' b := R{a)b + 9ab = -R(a)b. 

The associated associative product * is given for both structures by a * b = aR(b) + R(a)b + Oab and 
thus coincides with the double Rota-Baxter product (|24p. 

Remark 3. [11] In fact, by splitting again the binary operation -< (or alternatively y'), any Rota-Baxter 
algebra is tri-dendriform [32] . in the sense that the Rota-Baxter structure yields three binary operations 
<,o and > subject to axioms refining the axioms of dendriform algebras. The three binary operations are 
defined by a < b = aR{b), aob = Oab and a > b — R(a)b. Choosing to put the operation o to the < or > 
side gives rise to the two dendriform structures above. 

Let A = A © fc.l be our dendriform algebra augmented by a unit 1: 

(32) o-<l:=o=:l>-a 1 -< a := =: a >- 1, 

implying a*l = l*a = a. Note that 1*1 = 1, but that 1^1 and 1 y 1 are not defined [41], [6]. We 
recursively define the following set of elements of A[[t]] for a fixed x G A: 

WIj (X) — Wy (x) = 1, 

Wy'\x) := (wy 1 ^(x)) y x. 

We also define the following set of iterated left and right pre-Lie products (|26[) . For n > 0, let ai, . . . , a„ € 
A: 

(33) £ in) (ai, . . .,a n ) :=(■•■ ((a : > a 2 ) t> a 3 ) • • • > a„_^ > a„ 

(34) r (n} (ai, . . . ,a n ) := a x < fa 2 < (a 3 < ■•■ (a n _i < a„)) ■••V 
For a fixed single element a 6 A we can write more compactly for n > 0: 

(35) (a) = (£ (n) (a)) > a and r(" +1 ) (a) = a < (r^ (a)) 
and ^(^(o) := a =: r^^a). We have the following theorem [2"31 [T7] . 

Theorem 2. W^e have: 

(a) * ■ ■ ■ * e( ik Xa) 
h(ii + h) ■ ■ ■ (ii H h ifc) ' 

r( i " ) (a)*---*r( il )(a) 
+ 12) • • • (n H 1- «fe) 



i 1+ ...+i fe =n 
il,...,i fc >0 



*! + ••■+«*=" 
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These identities nicely show how the dendriform pre-Lie and associative products fit together. This will 
become even more evident in the following. 

We are interested in the solutions X and Y in A[[t]] of the following two equations: 

(36) X = 1 + ta -< X, Y = 1 —Y y ta. 
Formal solutions to (|36p are given by: 

X = ^2t n w ( ™\a) resp. Y = ^{-t) n {a) . 

n>0 n>0 

Let us introduce the following operators in A, where a is any element of A: 

L^[a](b) := a -< b L y [a](b) := a y b R^[a](b) := b ~< a R y [a](b) := b y a 
L < [a] (b) := a < b L > [a](b) := a t> b R < [a] (b) := b < a J2> [a] (b) := b > a. 

We have recently obtained the following pre-Lie Magnus expansion 19J: 

Theorem 3. Let ft' := Q'(ta), a £ A. be the element of tA[[t}] such that X — exp*(f2') and Y — 
exp*(— O'), where X and Y are the solutions of the two equations L36\) , respectively. This element obeys 
the following recursive equation: 

(37) n'(ta) = - Mg-_( to) = £ (-r^^lflTN, 

or alternatively: 

<38 » ff w = 5CTFT (to) - E ^ptw. 

where the Bi 's are the Bernoulli numbers. 
Recall that the Bernoulli numbers are defined via the generating series: 

Z m 1 1 1 9 1 „4 , 

— Z = 1 — —z + —z — — — -Z H , 



exp(z) - 1 ^ m! 2 12 720 

^ v ' m>0 

and observe that B2 m +3 = 0, m > 0. 

Suppose that the dendriform structure of A comes from a unital Rota-Baxter algebra of weight 9. 
The unit (which we denote by 1) has nothing to do with the artificially added unit 1 of the underlying 
dendriform algebra. We extend the Rota-Baxter algebra structure to A by setting: 

R(l) := 1, R(l) := -1 and 1.x = x.l = for any x G A. 

This is consistent with the axioms (|32[) which in particular yield 1 y x = R(l)x and x -< 1 = — xR(l), in 
coherence with the dendriform axioms. Using pop the pre-Lie products (|26p write: 

(39) a[> e & = a>~fo-&^a = #(a)6 + kR(a) = [R(a), b] - 9ba 

(40) a< g b = a-<b-bya = -aR(b) - i2(6)a = [a, #(&)] + 6>a&. 

Introduce the weight 9 6 fe pre-Lie Magnus type recursion, Q' e := SY s (ta) G tA[[t]], where the Rota- 
Baxter operator i? is naturally extended to ^4[[i]] by fc[[f]]-linearity: 

(41) ^(t a ) = ^^L >e [^r(to). 

* — ' m! 

?TI>0 

First, we observe that the weight zero case, 9 = 0, is fully coherent with the origin of Magnus' work 33 . 

Corollary 3. The limit 9 — > of the pre-Lie Magnus type recursion |^i| ) reduces to the classical Magnus 
expansion: 

(42) n' (ta)=^^ad%l,Jta). 

m>0 
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Here, as usual, adf(g) := fg — gf := [/,<?]■ This follows immediately from (f3"5)) . i.e. at> b = [R(a),b]. 
Recall that Magnus in 33] considers solutions of the classical initial value problem: 

(43) -r-S(s) = *(»)*(«). *(0) = 1 

as 

in a non-commutative context, i.e. \P and $ are supposed to be linear operators depending on a real 
variable t. Here, 1 denotes the identity operator. Magnus obtained a differential equation for the linear 
operator f2(^)(s) depending on \&(s), and with £1(0) = 0, such that: 

Y(s) = exp(n(*)(a)) = exp( f Q(V)(u) du) = £ , 

J® n>0 n ' 

leading to the recursively defined classical Magnus expansion: 

(44) n(t*)(*) = t f*(u)du + [ S J2^^nL)M (**(«)) dw > 

•to Jo n>0 »l 

where we introduced the parameter i for later use. The expansion lj4"2")) coincides with (|4"4")l if the under- 
lying weight zero Rota-Baxter algebra is the one mentioned above, that is, the ring of real continuous 
functions C(K) with pointwise product and the indefinite Ricmann integral as weight zero Rota-Baxter 
map. Sometimes, Magnus' expansion (|44j) is also called continuous Baker-Campbell-Hausdorff formula, 
e.g. see [251 EH |47]. 

Using (|25[) . Theorem [3] implies for a fixed element a £ A the following corollary which can be interpreted 
as the non-commutative Spitzer identity. 

Corollary 4. Let [A, R) be a Rota-Baxter algebra of weight 9. The elements X := —R(X) — cxp(— R(Q' g (ta))) 
and Y := R(Y) = cxp(—R(Q' e (ta))) in A[[t\] solve the equations: 

(45) X = l-tR(aX) resp. Y = 1 - tR(Ya). 

Moreover, these recursions lead to the following theorem due to Atkinson [T]. 

Theorem 4. Let {A,R) be a Rota-Baxter algebra of weight 9. The recursions have the factorization 
property: 

Y(l - ta9)X = 1 or (f - ta9) = Y^X' 1 . 

Proof. Here, 1 is the algebra unit in A. The proof of this statement reduces to a simple algebraic exercise. 
Recall that R = —9idA — R, then: 

YX = (1 - tR(Ya)) (f - tR(aX)) 

= 1 - tR(aX) - tR(Ya) + t 2 R(Ya)R(aX) 

= 1 - tR((l - tR{Ya))aX) - tR(Ya(l - tR(aX))) = 1 + t9YaX. 
Uniquness of the factorization follows when R is idempotent. □ 

Without problems the reader verfies the next corollary. 

Corollary 5. The elements X- 1 = eyLp(R(n' e {ta))) and f- 1 := R(Y) = exp(R(ti' e (ta))) in A[[t}] solve 
the equations: 

(46) X- 1 = 1 + tR(Ya) resp. Y"" 1 = 1 + tR(aX). 
Hence, defining the application B(a) := Y a we may state the two key equations: 

Y = 1 - tR(B(a)) and X" 1 = 1 + tR(B(a)). 
Corollary [4] immedialtely results in the following lemma. 
Lemma 2. 

(47) B(ta)=Yta = &qp* a (n' g (ta))-l. 
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Proof. Indeed, using simple algebra we see that: 

J (%(ta)y° n 



exp*"(^(ta))-l = 5Z 



n 

n—l 



J 

-1 

n 



= E -JT - i-l) n (m' e {ta))y 

n=l 

= - E V^ ta » n + E ^-^r— (-R( n fl(* o )) n 

n=0 ' n=0 

= -exp(ii(^(ta))) + exp(-R(fl' e (ta))) 
= exp(R(Sl' e {ta))) (-1 + exp(-R(n' g {ta))) exp(-R(n' e (ta)) 
= exp(R(n' g (ta)))ta = tYa. 

□ 

Let us take a closer look at Atkinson's theorem. In the light of Corollary |4] we find by using the 
exponential solutions X := -R(X) = exp(-R(n e (ta))) and Y := R(Y) = exp(-R(fl g (ta))) in A[[t\] to 
the recursions (14511: 



(48) l-0ta = cxp(-eag) = exp(R(Sl e (ta))) exp(R(Sl' e (ta))) 

with ag := ag(ta) := — 4log(l — Ota). 

When = we see immediately that R = —R and the above factorization of the algebra unit be- 
comes very evident. Instead, let us keep 0^0, but assume the underlying Rota-Baxter algebra to be 
commutative. Recall that a t>e b = —9ba. Hence, we see that: 

^M = E^(-^r ta - 

m>0 

Which, using the generating series for the Bernoulli numbers, is solved by fl' g (ta) = — _1 log(l — Ota). 
Hence, in the commutative setting we find: 

l-9ta= exp(i?(-(r 1 log(l - Ota))) exp( J R(-6»" 1 log(l - Ota)) 



which is in full accordance with the classical result due to Spitzer [45] . In fact, Baxter [2] showed for 
commutative Rota-Baxter algebras (A, R) of weight the identity: 

<E^H + E^ m 



exp l 

\ ' — : n 

n>0 m>0 



in A[[t]], where r n := i?(6>™ _1 a n ), a x = ri = R{a), and: 

a m = £ !A l2 A 2 .f m j£ ■ ■ ■ A m ' = m^_3^ ■ ■ ■ ■ 

(Ai,...,A m ) y. 

m~times 

The sum goes over all integer m-tuples (Ai, . . . , A m ), A 2 : > for which lAi + • • ■ + m\ m — m. The non- 
commutative generalization of this formulation of Spitzer's identity follows from Theorem [2] together with 
Proposition fTOl Indeed, with Q'(ta) = J2 n >o ^™^(n)( a ) we nn( h 



exp ( - £ R(Q[ n) )t n ) = 1 + E ^(^ m) («))(-*)' 

n>0 m>0 

exp ( - £ £(fi' (n) )t n ) = 1 + J2 R(* l T\o)){-ty 



n>0 m>0 

corresponding to the recursions: 

X = 1 - R(Xa) resp. F = 1 - R(aY). 
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Again, but more concretely, in the non-commutative case we see how both, the double Rota-Baxter 
product and the pre-Lie product ([55]) fit together in the algebraic structure of weight 8 Rota— Baxter 
algebras. 

3.1. Weight 8 BCH-recursion vs. pre-Lie Magnus expansion. In the light of Corollary [2] and 
Atkinson's Theorem, it seems to be natural to compare the weight 8 pre-Lie Magnus expansion with the 
Baker-Campbell-Hausdorff recursion (fTT)) . 

For this, we first introduce the weight 8 Baker-Campbell-Hausdorff recursion following simply from a 
linear titration preserving map P, such that —8id,A — P + (—6id,A — P), 8 £ k. Hence: 

(49) xe(a) = a-^BCR(-P( X e(a)), -8a). 
Giving rise to the factorization: 

(50) exp(-#a) = exp(p( Xe (a))) exp(p( Xe (a))). 

Now, let us assume that P is a filtration preserving Rota-Baxter map. Then Corollary [2] and Theorem [4] 
respectively equation (148|) imply the equality: 

(51) ma)= Xe (ae) = xe(- l0S{1 - dta) ), 
From (|5"Tj) we get for any a £ L4[[A]]: 

(52) xe{a9) = ile[ - Q J- 

3.2. Application to perturbative renormalisation II. We return to paragraph s. 71 where we analysed 
Connes-Kreimer's factorization from the point of view of the Baker-Campbell-Hausdorff recursion (fTT)) . 
Recall that the projector 7r (respectively its lift to C = C(H,A), denoted by P) is a weight minus one 
Rota-Baxter map. Hence the Birkhoff-Connes-Kreimer factorization naturally fits into the context of 
Rota-Baxter algebra, in particular with respect to Atkinson's factorization theorem respectively the non- 
commutative Spitzer identity. Hence, it follows ultimately that the group G\ {A) decomposes as a set into 
the product of two subgroups: 

G X {A) = G7{A) *G+{A) 1 where G^{A) = exp*(P(A)), G+{A) = exp*(P(A)). 

Now, using (|52j) we see that the counterterm character tp- in the decomposition: 

if = exp*(a) = ipZ 1 * p>+ 

writes: 

= eoq>*(-P(fi^(exp*(a) - e))) 

where exp* (a) — e = <p — e already appeared in the context of ([5]) respectively © , see also Proposition [51 
Using Lemma [2] Bogoliubov's preparation map B(p) := tp_ * (ip — e) finds its exponential form: 

B(ip) = exp*- 1 (n'_i(<p - e))-e. 

Such that the non-commutative Spitzer identity implies Bogoliubov's recursion for Moreover, Corol- 
lary[5]tells immediately the equation for p + . Here, *_i stands for the Rota-Baxter double product in the 
weight minus one Rota-Baxter algebra (C(Ti, A), P). 

Recall our characterization of the Baker-Campbcll-Hausdorff recursion (fl"7]) as the analog of Bogoli- 
ubov's preparation map on the Lie algebra gi(-A) of infinitesimal characters. Now, by recalling Proposi- 
tion [5] we may identify the weight minus one pre-Lie Magnus expansion as the analog of Bogoliubov's 
preparation map. More precisely, first remember that q(A) contains 0i(-4) as a Lie subalgebra. Hence, let 
<p £ G\{A) C G(A), i.e. ip = e + (tp — e), where obviously a :— ip — e £ q(A). Then: 

(53) fi'-i(a) = £ %W n -ina), 

' — ' to! 

maps a £ g(A) — ► Qi(A), such that B(<p) = exp*- 1 (f2^_ 1 (y> — e)J — e and 

<p>_ =exp*(-P(fl'_i(<p-e))} and <p + = exp* (pfo'^tp - e))) 
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solve: 

if - = e — PUp- * (<p — e)J and tp+ = e + P((fl- * (<p — e)) , 

respectively. 

We remark here that this purely Lie algebraic approach to renormalization is an extension of earlier 
work [17] and will be further explored in the near future. Let us mention that the results in [17] rely on 
both, the properties of the Dynkin idempotent and on properties of Hopf algebras encapsulated in the 
notion of associated descent algebras. Similarly, in [22], see also [T5], we use free Lie algebra theory, i.e. 
Lie idempotents to achieve a closed form for the Bogoliubov recurison. 

3.3. Non-commutative Bohnenblust Spitzer formulas. Let n be a positive integer, and let OP n be 

the set of ordered partitions of {1, . . . ,n}, i.e. sequences (tti,. . . , 7Tfc) of disjoint subsets (blocks) whose 
union is {1, . . . , n}. We denote by OP k n the set of ordered partitions of {1, . . . , n} with k blocks. Let us 
introduce for any tt G OP k n the coefficient: 

uM = 1 

kiKkil + kal) ■ ■ ■ (kil + M + ■ • • + l^i)' 

Theorem 5. Let a\, ■ ■ ■ , a n be elements in a dendriform algebra A. For any subset E = {ji, . . . ,j m } of 
{1, . . . , n} let 1(E) G A defined by: 

[(25):= J2 t (ro) K^---,^J- 

(TSzS m 

we have: 

(. . . (a ai >- a„ 2 ) >- ■ ■ ■ a,a n _i) >- aa n = ^ u}(ir)l(m) * •• ■ *l(nk). 

ct£S„ k>lTreOV^ 

See [22] where this identity is settled in the Rota-Baxter setting, see also [T5]. The proof in the 
dendriform context is entirely similar. Another expression for the left-hand side can be obtained [23] : 
For any permutation a G S n we define the element T a (a\, . . . ,a n ) as follows: define first the subset 
E a C {1, . . . , n} by k € E a if and only if <ik+i > °~j f° r anv J < We write E a in the increasing order: 

1 < k x < ■■ ■ < k p < n - 1. 

Then we set: 

(54) T CT (ai, . . . , an) := i {kl) (a ai , . . . , a aki )*•••* (a CTjip+1 , . . . , a CT J 

There are p + 1 packets separated by p stars in the right-hand side of the expression (|54[) above, and the 
parentheses are set to the left inside each packet. Following [23] it is convenient to write a permutation 
by putting a vertical bar after each element of E a . For example for the permutation a = (3261457) inside 
SV we have E a = {2, 6}. Putting the vertical bars: 

a = (32|6145|7) 

we see that the corresponding element in A will then be: 

T a (a 1 ,...,a 7 )=£ i2 \a 3 ,a2)*e (4) (a 6 ,01,04,05) *r (a7) 

— (03 t> 02) * ( ((a 6 > a\) > 04) >a 5 * 07. 



Theorem 6. For any ai, . . . , a„ in the dendriform algebra A the following identity holds: 
(55) ^2 (•■•( a cr 1 >- a a2 ) > ) y a CT?l = ^ T a (ai, . . . ,a n ). 

A g-analog of this identity has been recently proved by J-C. Novclli and J-Y. Thibon [39] , 
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4. AS SIMPLE AS IT GETS: A MATRIX CALCULUS FOR RENORMALIZATION 

We shortly introduce a matrix setting for renormalization, associated with any left co-ideal of the Hopf 
algebra. Although we won't detail this point, let us mention that this matrix approach is particularly well- 
suited for the study of the renormalization group and the beta-function for local characters in connected 
graded Hopf algebras with values into meromorphic functions [§] . See [2T] as well as (2IJ1 03] for a detailed 
account and applications. 

4.1. The matrix representation. In this section we introduce the matrix representation of C(TC,A) 
associated with a left coideal, following [5T]. Let H be a connected filtered Hopf algebra over the field k, 
let A be any commutative unital fc-algebra, and let (£(TL, A),*) be the algebra of fc-linear maps from TL 
to A endowed with the convolution product. Let J be any left coideal of TL (i.e. a vector subspace of TL 
such that A (J) dTL® J). 

We fix a basis X — (xi)jgj of the left coideal J. Furthermore we suppose that this basis is denumerable 
(hence indexed by / = N or / = {1, • • • , to}) and filtration ordered, i.e. such that if i < j and Xj € TL n , 
then x 4 eTL n . 

Definition 1. The coproduct matrix in the basis X is the \I\ x |/| matrix M with entries in TL defined 
by : 

A(xi) = ^Mij ®Xj. 
jei 

The coproduct matrix is lower-triangular with diagonal terms equal to 1 ([5T] Lemma 1). Now define 
*j : £{TL, A) End^(^ <g> J) by : 

(56) ^j[f](x j ) = J2f(M ij )^x i . 

i 

In other words, the matrix of ^j[f] is given by f(M) := (/(My)J i . It is shown in [T3] and also p?T] 
that the map ^ j defined above is an algebra homomorphism. Its transpose does not depend on the choice 
of the basis. The Lie algebra of ,4-valued infinitesimal characters (resp. the group of ,4-valued characters) 
is mapped by \fj into the Lie subalgebra of strictly lower-triangular matrices (resp. into the group of 
lower triangular matrices with -„4-algebra units- l's on the diagonal). 

The coproduct matrix M with entries in TL can be seen as the image of the identity map under ^Pj : 
C(TL, TL) — » End n (TL ® J), i.e. : 

(57) *j[Id]{xj) = Id ( M ij) ® *i- 

i 

We have ^./[S] = A/ -1 , where S is the antipode. The matrix L = logM is the matrix of normal 
coordinates. For any A- valued character tp we have : 

log*j[^] =<p{L). 

4.2. The matrix form of Connes Kreimer's BirkhofF decomposition. Suppose that the commu- 
tative target space algebra A in C(TL,A) splits into two subalgebras: 

(58) A = A-®A+, 

where the unit 1^ belongs to A+. Let us denote by it : A — > A- the projection onto A- parallel to A+, 
which is a weight —1 Rota-Baxter map. The algebra M. := Ai^(A) of lower-triangular |/| x |J|-matrices 

with coefficients in A is filtered by the subalgebras M 1 = {X 6 A4, X^i = if k < I — i}. The filtration 
is finite, hence complete. 

We define a Rota-Baxter map R on ^j[C(TL, A)] C M^(A) by extending the Rota-Baxter map tt on 
A entrywise, i.e., for the matrix r = (r^) e M-ijAA), define: 

(59) R(r) = ( 7 r(r ij )). 
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The algebra M. is then a complete filtered Rota-Baxter algebra. Let us denote := <fi for short. As 

if i— > <p is a morphism of complete filtered Rota -Baxter algebras we immediately get the matrix Birkhoff- 
Connes— Kreimer decomposition: 



In other words, the map *$>j respects the Birkhoff decomposition, i.e. (p± — tp±. We immediately see that 
(p- and tpT are unique solutions of the following equations: 

(60) £_ = 1-R(0_ (0-1)), 

(61) ^^l-R^-l) 

respectively. Moreover, after some simple algebra using the matrix factorization (p = (pZ l (p+ '■ 

<?+(^ 1 -l) = 0- -$+ = 1) 

we immediately get the recursion for Hp+ [21] : 

(62) = 1-R(£ + -1)), 
and hence we see that 

(63) £+ = l + R(>_ (£-1)). 

The matrix entries of and i/?^ 1 can be calculated without recursions using a := (p from the equa- 
tions [20] : 

j-« 

(tp-)ij = —K(a i:j )-^2 E (— l) /c+1 7r(7r(- ■ ■ 7r(cr iZl )cr Zli2 ) ■ ■ • cr^_ lj ) 

k=2 i>l x >h>-->h-i>0 



- E E (-i) k+1 HH- ■ ■ *{{*- l )ih){cT- l )i^) ■ ■ ■ (v- 1 )^), 

fc=2 i>/i>/ 2 > - >ifc-i>J 

where if := id a — tt- The matrix entries of <p+ follow from the first formula, i.e., the one for the entries 
in <J5_, by replacing tt by — ff. We may therefore define the matrix: 

(64) %]:=£_(£-l) 
such that: 

(65) (p- = 1 - R(£M) and = 1 + R^B^j . 

In fact, equations (|63p and (|6ip may be called Bogoliubov's matrix formulae for the counter term and 
rcnormalized Feynman rules matrix, (p^ , <p + , respectively. Equation ([M]) is the matrix form of Bogoliubov's 
preparation map ©, e.g. see [5] : 

(66) %] := *j[B(ip)] = ¥jfo>_ - e)]. 

Remark 4. We may apply the result from subsection 12.61 to the above matrix representation of qa 
respectively Ga- We have shown the existence of a unique non-linear map \ on 0-4 which allows to 
write the characters ip- and ip + as exponentials. In the matrix picture we hence find for Z £ 'qa and 
<p = exp(Z) £ Ga ■ 

(67) 0=exp(R(x(Z)))exp(R(x(Z))). 

The matrices (p_ := exp ( — R(x(Z))) and ip^ 1 := exp ( — R(x(Z))) are in G~^ and G\, respectively, and 
solve Bogoliubov's matrix formulae in (pS"]) . 
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